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Abstract
The primary goal of the paper is to investigate the Baire property and weakα-f vorability for the
generalized compact-open topologyτC on the spaceP of continuous partial functionsf :A→ Y
with a closed domainA⊂X. Various sufficient and necessary conditions are given. It is shown, e.g.,
that(P, τC) is weaklyα-favorable (and hence a Baire space), ifX is a locally compact paracompact
space andY is a regular space having a completely metrizable dense subspace. As corollaries we
get sufficient conditions for Baireness and weakα-favorability of the graph topology of Brandi and
Ceppitelli introduced for applications in differential equations, as well as of the Fell hyperspace
topology. The relationship betweenτC , the compact-open and Fell topologies, respectively is studied;
moreover, a topological game is introduced and studied in order to facilitate the exposition of the
above results. 2001 Elsevier Science B.V. All rights reserved.
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0. Introduction
Perhaps the first to consider a topological structure on the space of partial maps was
Zaremba in 1936 [27] and then Kuratowski in 1955 [22], who studied the Hausdorff metric
topology on the space of partial maps with compact domain. Ever since these early papers,
spaces of partial maps have been studied for various purposes; in particular, the importance
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of studying topologies on partial maps has been pointed out by Filippov in his paper [12].
This observation complements the recent upsurge of various useful applications of partial
maps in differential equations (see, e.g., [5,12,13,26]), in mathematical economics [3], in
convergence of dynamic programming models [23] and other fields [1,2,4]; the paper of
Künzi and Shapiro [20] on simultaneous extensions of partial maps with compact domains
should also be mentioned here.
The so-calledgeneralized compact-open topologyτC on the space of continuous partial
maps with closed domains has been especially recognized in this context (cf. [5,3,23]),
whence the interest in establishing properties of this topology. Separation axioms forτC
were characterized in [18], further, (complete) metrizability and second countability ofτC
were investigated in [19]. It is the purpose of this paper to investigate other completeness-
type properties, such as weakα-favorability and Baireness ofτC , respectively (see Section1
for the definitions) and as a consequence, of a new graph topology of Brandi and
Ceppitelli (Section 5). Our results (in Section 4) naturally extend those of [19] on complete
metrizability of τC and nicely complement similar results on the compact-open topology
τCO [25,24,15] and the Fell topologyτF [28,29], respectively.
In the pursuit of our goal we explored two approaches: the first relied on getting game-
theoretical conditions onX and Y that would ensure Baireness, respectively weakα-
favorability of the generalized compact-open topology and then identify some natural
topological structures that satisfy these conditions. The relevant topological games are
introduced and studied in Section 1.
The second approach made use of some favorable properties of the restriction mapping
relatingτC to τF andτCO, as well as of the already known results on Baireness and weak
α-favorability of τCO andτF . Surprisingly, the theorems resulting from these approaches,
although overlap, do not follow from each other and hence could be of independent interest
(see Remark 4.5). We also give necessary conditions for the generalized compact-open
topology to be Baire (of second category, in fact).
Throughout the paperX andY will be Hausdorff topological spaces,CL(X) will stand
for the family of nonempty closed subsets ofX (the so-called hyperspace ofX) andK(X)
for the family of (possibly empty) compact subsets ofX. For anyB ∈ CL(X) and a
topological spaceY , C(B,Y ) will stand for the space of all continuous functions from
B to Y . A partial map is a pair(B,f ) such thatB ∈ CL(X) andf ∈ C(B,Y ). Denote by
P = P(X,Y ) the family of all partial maps. Define the so-calledgeneralized compact-open
topologyτC onP as the topology having subbase elements of the form
[U ] = {(B,f ) ∈P : B ∩U 6= ∅},
[K : I ] = {(B,f ) ∈P : f (K ∩B)⊂ I},
whereU is open inX, K ∈K(X) andI is an open (possibly empty) subset ofY . We can
assume that theI ’s are members of some fixed open base forY .
A justification for calling τC the generalized compact-open topology can be that if
(say)X is T4 andY = R (the reals), then(P, τC) is a continuous open image (under the
restriction mapping) of(CL(X), τF ) × (C(X,Y ), τCO), whereτCO is the compact-open
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topology[11] onC(X,Y ) andτF is the so-calledFell topologyon CL(X) having subbase
elements of the form
V − = {A ∈CL(X): A∩ V 6= ∅}
with V open inX, plus sets of the form
V + = {A ∈CL(X): A⊂ V },
with V co-compact inX. It is customary [25] to useCk(X) for (C(X,Y ), τCO) with Y =R
(the reals).
Both the compact-open topology and the Fell topology, respectively have been
thoroughly studied and their properties are well established (cf. [25] for the compact-open
topology and [8] or [21] for the Fell topology). In particular, using some previous results
of McCoy and Ntantu [25], Baireness ofCk(X) was characterized by Gruenhage and Ma
[15] if X is a q-space; moreover, Ma showed [24] that for a locally compactX, weak
α-favorability ofCk(X) is equivalent to paracompactness ofX.
It is also well known that the Fell hyperspace(CL(X), τF ) is locally compact provided
X is locally compact, consequently, in this case(CL(X), τF ) is a Baire space. This result
can be generalized, especially, by relaxing the requirement on Hausdorffness ofX (see
[28,29] for details), however, it was unknown if we can keep Hausdorffness, abandon local
compactness ofX and still retain Baireness of(CL(X), τF ). We settle this problem by
providing (as a byproduct of our results onτC ) a Hausdorff non-locally compact space
with a weaklyα-favorable Fell hyperspace (cf. Remark 4.6).
The cardinality of the setA is denoted by|A| andAc is the complement ofA. For
notions not defined in the paper see [11].
1. Games
In this section we introduce several topological games played by two playersα andβ
on a topological space(X, τ).
The first game is the well-knownBanach–Mazur game BM(X) played as follows:β
starts by picking someU0 ∈ τ \ {∅}, thenα picks aU1 ∈ τ \ {∅} such thatU1 ⊂ U0. In
an even (respectively odd) stepn > 1, β (respectivelyα) chooses aUn ∈ τ \ {∅} with
Un ⊂ Un−1. Playerα wins provided⋂n∈ω Ui 6= ∅, otherwiseβ wins (ω stands for the
non-negative integers).
The second game (denoted byBM0(X)) is a version of the Banach–Mazur game studied
in [10]. It is played in the same manner asBM(X) but the winning condition forα is
that
⋂
n<ω Un is a singleton for which{Un: n ∈ ω} is a basic system of neighborhoods
(otherwiseβ wins).
The third game called here thecompact-open game KO(X) on (X, τ) is played as
follows: β starts by picking a couple(K0,U0) ∈ K(X) × τ such thatU0, the closure of
U0, is compact. Thenα responds by someV0 ∈ τ with compact closure that is disjoint
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to K0 ∪ U0. In stepn > 1, β (respectivelyα) chooses a couple(Kn,Un) ∈ K(X) × τ
(respectively a setVn ∈ τ ) such thatUn ∈K(X) (respectivelyVn ∈K(X)) and
Un ∩
⋃
i<n
(Vi ∪Ui ∪Ki)= ∅ (respectivelyVn ∩
(⋃
i<n
Vi ∪
⋃
i6n
(Ui ∪Ki)
)
= ∅).
Playerα wins if {Un: n ∈ ω} ∪ {Vn: n ∈ ω} is a locally finite family; otherwise,β wins.
Another game (denoted byKO0(X)) is a modification ofKO(X), where inβ ’s choice
Kn = ∅ for all n.
Our compact-open gameKO(X) is closely related to the topological gameG(X) of
Gruenhage introduced in [14], which can be described as follows: playersK andL take
turn in choosing compact sets; in stepn > 1,K chooses a compact subsetKn of X and
thenL responds by someLn ∈ K(X) that is disjoint toKn. PlayerK wins a run of the
gameG(X) provided{Ln: n ∈ ω} is a locally finite family inX; otherwiseL wins.
A (stationary) strategyin these games for one of the players is a function, which picks
an object for the relevant player knowing all the previous moves of the opponent as well as
of his own (respectively knowing only the previous move of the opponent). A (stationary)
winning strategyσ for a player is a (stationary) strategy winning for the player every run
of the game compatible withσ .
The spaceX is calledweaklyα-favorableprovidedα has a winning strategy in the
Banach–Mazur gameBM(X); further, X is α-favorable provided α has a stationary
winning strategy inBM(X). In a similar fashion, we could define weaklyβ-favorable and
β-favorable spaces, respectively; however, these notions coincide (see [16]).
Proposition 1.1.
(i) If α has a winning strategy in KO(X), then so hasα in KO0(X).
(ii) If β has a winning strategy in KO0(X), then so hasβ in KO(X).
Proposition 1.2. LetX =⊕t∈T Xt be a topological sum for some index setT such thatα
has a winning strategy in KO(Xt ) (respectively in KO0(Xt)) for eacht ∈ T . Thenα has a
winning strategy in KO(X) (respectively in KO0(X)).
Proof. Let σt be a winning strategy forα in KO(Xt) for eacht ∈ T . Let n be a positive
integer. LetU0, . . . ,Un,V0, . . . , Vn−1 be open sets inX with compact closure inX and
K0,K1, . . . ,Kn be compact inX. Then
T0=
{
t ∈ T : Xt ∩
(⋃
i6n
(Ki ∪Ui)∪
⋃
i<n
Vi
)
6= ∅
}
is finite. Define a strategyσ for α in KO(X) as follows:
σ
(
(K0,U0),V0, . . . , (Kn,Un)
)
=
⋃
t∈T0
σt
(
(Xt ∩K0,Xt ∩U0),Xt ∩ V0, . . . , (Xt ∩Kn,Xt ∩Un)
)
which is clearly a winning strategy forα in KO(X). 2
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A space isalmost locally compactprovided every nonempty open set contains a
compact set with nonempty interior;X is calledhemicompact[11], provided in the family
of all compact subspaces ofX ordered by inclusion there exists a countable cofinal
subfamily. A spaceX is aq-spaceif for eachx ∈X there is a sequence{Gn}n∈ω of open
neighborhoods ofx such that wheneverxn ∈ Gn for all n, the set{xn}n∈ω has a cluster
point. Notice that 1st countable or locally compact (evenČech-complete) spaces areq-
spaces.
Proposition 1.3.
(i) If X is a locally compact paracompact space, thenα has a winning strategy in
KO(X).
(ii) If X is an almost locally compact, non-locally compactq-space, thenβ has a
winning strategy in KO0(X).
Proof. (i) A locally compact, paracompact space can be written as a topological sum of
σ -compact spaces (cf. the proof of Theorem 5.1.27 in [11]) and hence as a topological
sum of locally compact, hemicompact spaces (see [11, Exercise 3.8.C(b)]). Then by
Proposition 1.2, it suffices to prove that ifX is a T2, locally compact and hemicompact
space, thenα has a winning strategy inKO(X).
To show this, letU0, . . . ,Un,V0, . . . , Vn−1 ∈ τ have compact closures andK0, . . . ,
Kn ∈ K(X) for somen ∈ ω. Assume thatM = {Mi : i ∈ ω} is an increasing collection
of compact sets obtained from local compactness and hemicompactness ofX uch that
∀K ∈K(X) ∃Mi ∈M with K ⊂ intMi.
Then
⋃
i6n(Ki ∪Ui)∪
⋃
i<n Vi ⊂ intMin for somein > n and hence
Vn = (intMin)
∖(⋃
i6n
(Ki ∪Ui)∪
⋃
i<n
Vi
)
is an open set with compact closure.
We will show that the strategyσ defined for eachn ∈ ω via
σ
(
(K0,U0),V0, . . . , (Kn,Un)
)= Vn
is a winning strategy forα in KO(X).
Indeed, let(K0,U0),V0, . . . , (Kn,Un),Vn, . . . be a run ofKO(X) compatible withσ .
If x ∈ X, thenx ∈ intMin for somein > n andn ∈ ω. Consequently, intMin is an open
neighborhood ofx disjoint from{Ui : i > n} ∪ {Vj : j > n+ 1}, so{Un: n ∈ ω} ∪ {Vn: n ∈
ω} is a locally finite family; thus,σ is a winning strategy forα.
(ii) Let x ∈X be a point with no compact neighborhood. Let{Gn: n ∈ ω} be a collection
of countable neighborhoods ofx such that wheneverxn ∈Gn for all n, the set{xn}n∈ω has a
cluster point. Define a strategyσ for β in KO0(X) as follows: start by choosing a nonempty
open setU0 with compact closure contained inG0. If U0,V0, . . . ,Un,Vn is a run of the
gameKO0(X) (n ∈ ω), thenGn+1 \⋃i6n(Ui ∪ Vi) is a nonempty open set (sinceGn+1
is not compact) and hence it contains a nonempty open setUn+1= σ(U0,V0, . . . ,Un,Vn)
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with compact closure. Pick somexn ∈Un for all n, then the sequence{xn}n∈ω has a cluster
pointy. It is clear then that every neighborhood ofy intersects the collection{Un: n ∈ ω}
infinitely many times; thus,{Un: n ∈ ω}∪{Vn: n ∈ ω} is not locally finite andσ is therefore
a winning strategy forβ in KO0(x). 2
Proposition 1.4.
(i) If X is a locally compact space, thenα has a winning strategy in KO(X) iff X is
paracompact.
(ii) If X is an almost locally compact q-space, thenα has a winning strategy in KO(X)
iff X is paracompact and locally compact.
Proof. In both cases, sufficiency follows from Proposition 1.3(i).
(i) Necessity: We will define a winning strategyθ for K in G(X) given a winning
strategyσ for α in KO(X). LetK0 = ∅ beK ’s first move and letL0 beL’s response in
G(X). LetU0 be an open set with compact closure containingL0. PutV0= σ((L0,U0)),
K1 = V0 ∪ U0 and defineθ(L0) = K1. Suppose the gameG(X) has been played up to
the nth step (n > 1): K0,L0, . . . ,Kn,Ln. ClearlyLn ∩ Kn = ∅; thus, by regularity and
local compactness ofX, there exists an open neighborhoodUn of Ln with compact closure
disjoint toKn. PutKn+1= Vn∪Kn∪Un, whereVn = σ((L0,U0),V0, . . . , Vn−1, (Ln,Un))
and defineθ(L0,L1, . . . ,Ln)=Kn+1. Then(L0,U0),V0, . . . , (Ln,Un),Vn, . . . is a run of
the gameKO(X) compatible withσ and hence{Un: n ∈ ω} is a locally finite family as
well as {Ln: n ∈ ω}. It means thatK has a winning strategy inG(X), which in turn is
equivalent toX being paracompact by a theorem of Gruenhage (see [14]).
(ii) Necessity: α has a winning strategy inKO0(X) by Proposition 1.1(i), soβ has no
winning strategy inKO0(x) and henceX is locally compact by Proposition 1.3(ii). Finally,
paracompactness ofX follows from Gruenhage’s theorem as in (i).2
In connection with Proposition 1.3(i) (also Proposition 1.4) it is worth noticing thatα
may have a winning strategy inKO(X) even ifX is not locally compact or paracompact.
To show this, observe first
Lemma 1.5. If the countable subsets ofX are closed and discrete, thenα has a winning
strategy in KO(X).
Proof. Notice that the only compact subsets ofX are the finite ones. Consequently, a
winning strategyσ for α in KO(X) consists of choosing the empty set regardless ofβ ’s
choice. Indeed, if(K0,U0),V0, . . . , (Kn,Un),Vn, . . . is a run ofKO(X) compatible with
σ , thenVn = ∅ for all n ∈ ω andUn ⊂X is finite for all n ∈ ω. Hence,C =⋃n∈ω Un is a
countable subset ofX, which is discrete; thus,{Un: n ∈ ω} ∪ {Vn: n ∈ ω} is a locally finite
family. 2
It easily follows now from Lemma 1.5 that
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Example 1.6. There exists an almost locally compact non-normal, non-q-spaceX such
thatα has a winning strategy inKO(X).
Proof. Let X = [0,1]. Denote byτ the natural Euclidean topology onX and putH =
{0,1,1/2, . . .,1/n, . . .}. Then{{x}: x /∈H}∪ {V \K: V ∈ τ,K is a countable subset ofX}
is a base for some topologyO on X. Of course(X,O) is a T2, almost locally compact
space. It is easy to verify that in(X,O) every countable set is closed and discrete, hence it
is not aq-space and by Lemma 1.5,α has a winning strategy inKO(X). Finally, (X,O) is
not normal, since it is not even regular. To show this, putL= {1,1/2, . . . ,1/n, . . .}. Then
L is a closed set in(X,O) and 0/∈ L, but we cannot separate{0} andL by disjoint open
sets in(X,O). 2
Compare Proposition 1.3(ii) with the following:
Example 1.7. There exists a locally compact spaceX such thatβ has a winning strategy
in KO0(X).
Proof. A space with the desired properties is the so-called ladder spaceX on the infinite
limit ordinals inω1 described in [15]: letX = ω1 andS stand for the infinite limit ordinals
in ω1. Define a topology onX as follows: points inX \S be isolated and for eachλ ∈ S let
{λn ∈X \ S: n ∈ ω} be an increasing sequence that is cofinal inλ (the “ladder” atλ); then
thekth basic neighborhood ofλ be{λ} ∪ {λn: n> k}.
It is not hard to show thatX is locally compact and that compact sets are at most
countable. Moreover,
• β has a winning strategy inKO0(X): let U0 = ∅ be β ’s first move and denote
δ0= sup(U0∪V0)+ω, whereV0 is α’s first move. Letf0 :ω→ δ0 \ S be a bijection,
t0,0=min{t ∈ ω: f0(t) /∈ U0∪ V0} and putU1= {f0(t0,0)}. If U0,V0, . . . ,Un,Vn are
the first 2n moves of the gameKO0(X) (n > 0), defineδn = sup(δn−1 ∪ Vn) + ω.
Let fn :ω→ δn \ (δn−1 ∪ S) be a bijection and for eachk ∈ In = {k 6 n: ranfk \⋃
j6n(Uj ∪Vj ) 6= ∅} put tn,k =min{t ∈ ω: fk(t) /∈
⋃
j6n(Uj ∪Vj )}. DefineUn+1=
{fk(tn,k): k ∈ In}.
Now, if U0,V0, . . . ,Un,Vn, . . . is a run of the gameKO0(X) compatible with the
above strategy ofβ , thenλ\S ⊂ ⋃n∈ω(Un ∪ Vn), whereλ = sup⋃n∈ω(Un ∪ Vn) ∈ S.
Consequently, all the neighborhoods ofλ will meet infinitely many ofUn’s or Vn’s. 2
Finally, we list some facts about the Banach–Mazur gameBM(X) and its modification
BM0(X) that will be used in the sequel:
Proposition 1.8. X is non-β-favorable iff X is a Baire space, i.e., each countable
intersection of dense and open subsets ofX is dense.
In particular, ifX is weaklyα-favorable, thenX is a Baire space.
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Proof. See [17, Theorem 3.16].2
Proposition 1.9. LetX be a regular space. Thenα has a stationary winning strategy in
BM0(X) iff α has a stationary winning strategy in BM(X) andX contains a residual
completely metrizable subspace.
In particular, if a regular spaceX contains a residual completely metrizable subspace,
thenα has a stationary winning strategy in BM0(X).
Proof. See [10, Theorem 2.8] for the first part. As for the second part, letX0 be a residual
(hence dense) completely metrizable subspace of a regular spaceX ndd be a compatible
complete metric forX0. Define a stationary strategy forα in BM(X) as follows: if V
is nonempty open inX thenV ′ = X0 ∩ V is nonempty open inX0 and without loss of
generality assume that thed-diameter ofV ′ is bounded. Choose a nonemptyX0-open
subsetU ′ with half the diameter of that ofV ′ and defineσ(V ) to be anX-open set such
thatσ(V ) ⊂ V andσ(V ) ∩X0 ⊂ U ′. Then completeness of(X0, d) implies thatα wins
every game ofBM(X) compatible withσ . 2
2. π -bases for the generalized compact-open topology
A collectionC of nonempty open sets is aπ -basefor a topological space, provided each
open set contains an element fromC. A topological spaceX is quasi-regular, provided
nonempty opens subsets ofX contain the closure of a nonempty open subset ofX.
Proposition 2.1.
(i) The collectionB of the sets
[K0 : ∅] ∩
⋂
i6n′
[Ui] ∩
⋂
n′<i6n
([Ui] ∩ [Ui : Ii ]) (1)
with n > 1, 0 6 n′ < n, ∅ 6= Ui ⊂ X open,K0,Un′+1, . . . ,Un ∈ K(X), K0,
U0, . . . ,Un pairwise disjoint and∅ 6= Ii ⊂ Y open (forn′ < i 6 n), forms aπ -base
for τC .
(ii) If X is quasi-regular, aπ -baseB can be formed as in(1) withU0, . . . ,Un pairwise
disjoint in addition.
(iii) If X is almost locally compact, then the collectionB0 of the sets
[K0 : ∅] ∩
⋂
i6n
([Ui] ∩ [Ui : Ii ]) (1′)
with n > 1, K0,Ui ∈ K(X), ∅ 6= Ui ⊂ X open,K0,Ui pairwise disjoint fori 6 n
and∅ 6= Ii ⊂ Y open(i 6 n), forms aπ -base forτC .
Proof. (i) Let
V = [L0 : J0] ∩
m⋂
j=1
([Vj ] ∩ [Lj : Jj ])
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be a nonemptyτC -basic set, whereJ0= ∅ andJj 6= ∅ for all 16 j 6m. Let
L00=
⋃
A∈A
⋂
j∈A
Lj ,
whereA= {A⊂ {0,1, . . . ,m}: A 6= ∅ and⋂j∈A Jj = ∅}. Observe thatL0⊂ L00.
If (B,f ) ∈ V , then there is abj ∈ B ∩ Vj ∩ Lc0 for all 16 j 6 m, whencebj /∈ L00,
since otherwisef (bj ) ∈⋂j∈A Jj = ∅ for someA ∈A.
Let {v0, . . . , vn} = {bj : 16 j 6m}. Then by Hausdorffness ofX, we can find a pairwise
disjoint collection of open setsU ′0, . . . ,U ′n such that
vi ∈U ′i ⊂
⋂
vi∈Vj \L00
Vj \L00 for all i 6 n.
Fix i 6 n. By induction on 16 j 6m construct a decreasing sequenceG1, . . . ,Gm of
nonempty open subsets ofU ′i such that for all 16 j 6m
Gj ∩Lj 6= ∅ ⇒ Gj ⊂ Lj . (2)
If U ′i ⊂ L1, putG1 = U ′i , otherwise letG1 = U ′i \ L1. Further, assume that we have
already constructedG1, . . . ,Gj having property (2) for some 16 j < m. If Gj ⊂ Lj+1,
putGj+1=Gj , otherwise letGj+1=Gj \Lj+1. Observe by (2) that
∅ 6=Gm ⊂
⋂
j∈Di
Lj , (3)
whereDi = {16 j 6 m: Gm ∩ Lj 6= ∅}. PutUi = Gm and arrange that{i 6 n: Di =
∅} = {0,1, . . . , n′} for some 0< n′ 6 n. ThenDi 6= ∅ for eachn′ < i 6 n, whence⋂
j∈Di Jj 6= ∅, sinceGm ∩ L00 ⊂ U ′i ∩ L00= ∅. In this case choose a nonempty open
Ii ⊂⋂j∈Di Jj .
Define
K0= L00∪
⋂
i6n
((
m⋃
j=1
Lj
)∖
Ui
)
,
which is clearly a compact set disjoint from
⋃
i6n Ui . Also, by (3),Ui is compact for each
n′ < i 6 n.
All we need to show is that∅ 6= U ⊂ V , whereU is defined in (1). Indeed, to show
that U 6= ∅, pick someui ∈ Ui for eachi 6 n and zi ∈ Ii for every n′ < i 6 n. Let
B0= {u0, . . . , un} and definef0 :B0→ Y as
f0(ui)=
{
zn′+1, if i 6 n′ + 1,
zi , if n′ + 1< i 6 n.
Then(B0, f0) ∈U .
Finally, take some(B,f ) ∈ U . Then by the construction ofUi ’s (andU ′i ’s) we see that
for eachVj there is aUi with Ui ⊂ Vj , whence(B,f ) ∈⋂mj=1[Vj ]. Further,L0 ⊂ K0,
so (B,f ) ∈ [L0 : ∅]. Moreover, it follows fromB ∩ K0 = ∅ that B ∩ Lj 6= ∅ implies
B ∩Lj ⊂⋃i6n Ui .
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Consequently, the setC = {i 6 n: B ∩ Lj ∩ Ui 6= ∅} ⊂ {n′ + 1, . . . , n} is nonempty.
Thus,Di 6= ∅ for all i ∈ C, which means, by (3), thatUi ⊂ Lj for all i ∈C. Consequently,
Ii ⊂ Jj for all i ∈C. Now using that(B,f ) ∈ [Ui : Ii] for all n′ < i 6 n, we have
f (B ∩Lj )=
⋃
i∈C
f (B ∩Lj ∩Ui)⊂
⋃
i∈C
f (B ∩Ui)⊂
⋃
i∈C
Ii ⊂ Jj ,
so(B,f ) ∈ [Lj : Jj ]. Therefore,(B,f ) ∈ V .
(ii) If U is defined via (1) andWi ⊂ X is a nonempty open set withWi ⊂ Ui for all
i 6 n, then theWi ’s are pairwise disjoint. Further, the setL0=K0 ∪⋃n′<i6n(Ui \Wi) is
compact, so
∅ 6=W = [L0 : ∅] ∩
⋂
i6n′
[Wi ] ∩
⋂
n′<i6n
([Wi] ∩ [Wi : Ii ]) ∈ B and W ⊂U .
(iii) Almost local compactness ofX provides an open set with compact closure contained
in Ui (see (i)) for eachi 6 n′ (denote it byUi again), further, puttingIi = Y for all i 6 n′
we can see by (i) that elements of the form (1′) form aπ -base forτC indeed. 2
Proposition 2.2. Let U = [K0 : ∅] ∩ ⋂i6n([Ui] ∩ [Ui : Ii ]) and V = [L0 : ∅] ∩⋂
j6m([Vj ] ∩ [Vj : Jj ]) be two elements from theπ -baseB0.
(i) If ∅ 6=U ⊂ V andUi0 ⊂ Vj0 for somei06 n andj06m thenIi0 ⊂ Jj0.
(ii) If ∅ 6= U ⊂ V , thenK0 ⊃ L0 and for eachj 6 m there existsij 6 n such that
Uij ⊂ Vj andIij ⊂ Jj .
Proof. (i) If there exists someyi0 ∈ Ii0 \Jj0, pick somexi0 ∈ Ui0. By pairwise disjointness
of the Ui ’s, we can choose distinctxi ∈ Ui for i 6= i0. Now pick arbitraryyi ∈ Ii for
i 6= i0 and defineB = {x0, . . . , xn} andf :B→ Y via f (xi) = yi . Then(B,f ) ∈ U , but
(B,f ) /∈ V , since otherwise
yi0 = f (xi0) ∈ f (B ∩Ui0)⊂ f (B ∩ Vj0)⊂ Jj0,
which is a contradiction.
(ii) Assume that there existsb ∈ L0 \ K0. Pick somebi ∈ Ui and yi ∈ Ii arbitrarily
(i 6 n); further, lety = yi , if b = bi for somei andy ∈ Y be arbitrary otherwise. Define
the setB0= {b, b0, . . . , bn} and the functionf0 :B0→ Y via
f0(x)=
{
yi, if x = bi for i 6 n,
y, if x = b.
Then(B0, f0) ∈ U \ V , which is a contradiction and henceL0 ⊂ K0. Suppose now that
there isj06m such that for alli 6 n there existsui ∈ Ui \ Vj0. Pick arbitraryzi ∈ Ii for
all i 6 n. Then forB1 = {u0, . . . , un} andf1 :B1→ Y defined asf1(ui)= zi (i 6 n), we
have(B1, f1) ∈U \V , a contradiction. The remaining follows from (i).2
3. Properties of the restriction mapping
The restriction mapping
η :
(
CL(X), τF
)× (C(X,Y ), τCO)→ (P, τC)
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is defined asη((B,f )) = (B,f B). Clearly, η is onto provided continuous partial
functions with closed domain are continuously extendable overX. The following
proposition gives some sufficient conditions for this:
Proposition 3.1. There exists a baseV for Y such that for eachA ∈CL(X), V ∈ V , every
functionf ∈ C(A,V ) is extendable to somef ∗ ∈ C(X,V ), if either of the following holds:
(i) X is T4 andY ⊂R is an interval;
(ii) X is paracompact andY is a locally convex completely metrizable space.
Proof. (i) This is the Tietze Extension Theorem with the open intervals inY asV .
(ii) This is a consequence of Michael’s Selection Theorem as presented in [8,
Proposition 6.6.4]. Indeed, the proof goes through under our conditions as well withV
being the convex open subsets ofY . 2
Proposition 3.2. If X is a regular space, thenη is continuous.
Proof. See [18, Proposition 1.5].2
Proposition 3.3. LetX,Y be such that partial continuous functions with closed domains
are continuously extendable overX; moreover, suppose that there exists an open base
V for Y closed under finite intersections such that for each nonemptyK ∈ K(X) and
V ∈ V , every functionf ∈ C(K,V ) is extendable to somef ∗ ∈ C(X,V ). Thenη is an
open mapping.
Proof. Let V = V F ×V CO be a nonemptyτF × τCO-open set, where
V F = (Lc0)+ ∩
m⋂
j=1
V −j ∈ τF and V CO= C(X,Y )∩
m⋂
j=1
[Lj : Jj ] ∈ τCO
with Jj ∈ V for eachj ; further, denoteU = [L0 : ∅] ∩⋂mj=1([Vj ] ∩ [Lj : Jj ]) ∈ τC . Then
η(V )=U .
Indeed,η(V )⊂U is clear and we will prove thatU ⊂ η(V ): without loss of generality
assume that eachLj intersects withLj ′ for somej ′ 6= j . ForM ⊂ {1, . . . ,m} put
LM =
⋂
j∈M
Lj , JM =
⋂
j∈M
Jj
and letM = {M ⊂ {1, . . . ,m}: LM 6= ∅ and LM ∩ Lj = ∅ for eachj /∈ M}. Then
JM ∈ V is nonempty for everyM ∈M (otherwisef (x) ∈ JM = ∅ for eachf ∈ V CO
andx ∈ LM—a contradiction). Denotet0 =max{|M|: M ∈M} (which is at least 2) and
putM0= {M ∈M: |M| = t0}; moreover, for each 0< t < t0 define
Mt =
{
M \ {j }: M ∈Mt−1, j ∈M
}∪ {M ∈M: |M| = t0− t}.
Notice thatMt0−1= {{j }: 16 j 6m} and|M| = t0− t for eachM ∈Mt , 06 t < t0.
Choose(D,g) ∈ U . ThenD ∈ V F and if we construct a functiong∗ ∈ V CO such that
g∗D= g, then(D,g) = η((D,g∗)) ∈ η(V ) and we are done. For everyM ∈M, extend
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gD∩LM to somegM ∈ C(LM,JM) providedD ∩LM 6= ∅; otherwise, definegM(x)= yM
for eachx ∈ LM , whereyM is a fixed element ofJM . Observe that this definesgM ’s for
eachM ∈M0. Now, by induction ont , we can construct for each 0< t < t0 andM ∈Mt
a functiongM ∈ C(LM,JM) so thatgM = g onD ∩ LM andgM = gM ′ onLM ′ for each
M ′ ∈Mt−1 with M ⊂M ′.
Indeed, assume thatgM ′ has been defined for allM ′ ∈Mt−1, where 0< t < t0. Let
M ∈Mt . If in addition M ∈M, then gM satisfies our conditions, since there is no
M ′ ∈Mt−1 containingM. Suppose therefore thatM ∈Mt \M. Then in view of the
induction hypothesis, the function
g′(x)=
{
g(x), x ∈D ∩LM ,
gM ′(x), x ∈LM ′ ,M ′ ∈Mt−1,M ⊂M ′
is well-defined onD′ = D ∩ LM ∪⋃{LM ′ : M ′ ∈Mt−1, M ⊂ M ′} ⊂ LM ; moreover,
g′ ∈ C(D′, JM). Hence we can extendg′ to somegM ∈ C(LM,JM) and our conditions
will be satisfied.
Finally, using the fact that continuous partial functions with closed domains are
continuously extendable overX, we can find ag∗ ∈ C(X,Y ) so thatg∗ = g on D and
g∗ = g{j} for each 16 j 6 m (note thatMt0−1 = {{j }: 16 j 6 m} andL{j} = Lj for
eachj ). 2
Corollary 3.4.
(i) Let X,Y be such that partial continuous functions with closed domains are
continuously extendable overX; moreover, suppose that there exists an open base
V for Y closed under finite intersections such that for each nonemptyK ∈ K(X)
andV ∈ V , every functionf ∈ C(K,V ) is extendable to somef ∗ ∈ C(X,V ).
Thenη is open, continuous and onto.
(ii) If X is paracompact andY is locally convex completely metrizable or ifX is T4 and
Y ⊂R is an interval, thenη is open, continuous and onto.
Proof. Compare Propositions 3.1–3.3.2
4. Baireness and weakα-favorability of the generalized compact-open topology
Theorem 4.1. LetX,Y be such that partial continuous functions with closed domains are
continuously extendable overX; moreover, suppose that there exists an open baseV for Y
closed under finite intersections such that for each nonemptyK ∈K(X) andV ∈ V , every
functionf ∈ C(K,V ) is extendable to somef ∗ ∈ C(X,V ). Then
(i) (P, τC) is a Baire space, if(CL(X), τF )× (C(X,Y ), τCO) is a Baire space.
(ii) (P, τC) is (weakly) α-favorable, if (CL(X), τF ) as well as(C(X,Y ), τCO) are
(weakly) α-favorable.
Proof. (i) Use Corollary 3.4(i) and the fact that continuous, open and onto mappings
preserve Baire spaces (see [17, Theorem 4.7]).
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(ii) (Weakly) α-favorable spaces are productive and are preserved by continuous, open
and onto mappings, hence Corollary 3.4(i) applies.2
Theorem 4.2. Let X be an almost locally compact space and assume thatα has a
stationary winning strategy in BM0(Y ). Then
(i) (P, τC) is a Baire space ifβ has no winning strategy in KO(X);
(ii) (P, τC) is weaklyα-favorable ifα has a winning strategy in KO(X).
Proof. Let σY be a stationary winning strategy forα in BM0(Y ). Let σX be the function
assigning to an open∅ 6= U ⊂ X an open set∅ 6= V ⊂ X with compact closure such that
V ⊂U .
(i) Let σ be a strategy forβ in BM(P). We will define a strategy forβ in KO(X)making
use ofσ as follows: let
V 0= [L0,0 : ∅] ∩
⋂
j6m0
([V0,j ] ∩ [V0,j : J0,j ]) ∈ B0
be the first step ofβ in BM(P) for somem0 ∈ ω. Then let (K0,W0) be the first
step ofβ in KO(X), whereK0 = L0,0 andW0 =⋃j6m0 V0,j . Suppose that(K0,W0),
W1, (K2,W2), . . . , (Kn−1,Wn−1),Wn are the firstn + 1 steps of the gameKO(X) for
someodd n ∈ ω. Also assume that in the gameBM(P) the firstn moves were the sets
V 0⊃ V 1⊃ · · · ⊃ V n−1, where for eachk 6 n− 1
V k = [Lk,0 : ∅] ∩
⋂
j6mk
([Vk,j ] ∩ [Vk,j : Jk,j ]) ∈ B0, (5)
with m0 6 m1 6 · · · 6 mn−1 (see Proposition 2.2(ii)). We want to make sure on each
stage thatβ ’s strategy inKO(X) mirrors β ’s strategy inBM(P) so that for eacheven
16 k 6 n− 1
Kk = Lk,0 and Wk =
⋃
j6mk
Vk,j \
⋃
j6mk−1
Vk−1,j . (6)
For eachj 6mn−1 define
Vn,j = σX(Vn−1,j ) and Jn,j = σY (Jn−1,j ) (7)
and ifWn 6= ∅, putVn,mn−1+1= σX(Wn) andJn,mn−1+1= Y . Finally, let
Ln,0= Ln−1,0 ∪
⋃
j6mn
(Vn−1,j \ Vn,j ) ∈K(X), (8)
wheremn = mn−1+ 1 if Wn 6= ∅, otherwisemn = mn−1. ThenV n (defined as in (5) for
k = n) is a well-defined response ofα in BM(P) (see (7), (8)). If
V n+1= σ(V 0, . . . ,V n) (9)
is the next choice ofβ in BM(P) and ifV n+1 is expressed in the form (5) fork = n+ 1
and somemn+1>mn, then we can defineβ ’s next step(Kn+1,Wn+1) in KO(X) using (6)
for k = n+ 1.
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This defines a strategy forβ in KO(X), which is not winning by our assumption on
KO(X). Therefore,α can play so that the collection
{Wn: n ∈ ω} is locally finite.
We will show thatβ loses the corresponding game inBM(P): for n ∈ ω let
En+1=
{
j 6mn+1: Vn+1,j ∩
( ⋃
j ′6mn
Vn,j ′
)
= ∅
}
.
Observe by (8) that forj 6 mn+1 eitherVn+1,j ⊂⋃j ′6mn Vn,j ′ or j ∈ En+1. Without
loss of generality we can assume thatEn+1 6= ∅ for all n ∈ ω and that for allj /∈ En+1
(j 6mn+1) there exists somej ′ 6mn such thatVn+1,j ⊂ Vn,j ′ .
Then we can define the following collections of pairwise disjoint sets:
W0,0= {V0,j : j 6m0} and
Wn+1,n+1= {Vn+1,j : j ∈En+1} for n ∈ ω.
Notice thatWn =⋃Wn,n for all n ∈ ω. Fork > n put
Wn,k = {Vk,j : j 6mk andVk,j ⊂Wn}.
Then for allk ∈ ω⋃
n6k
Wn,k = {Vk,j : j 6mk} (10)
andWn,k+1 is a refinement ofWn,k for all k > n. In view of (7)
Bn =
⋂
k>(n−1)/2
⋃
Wn,2k+1=
⋂
k>(n−1)/2
(⋃
Wn,2k
)
(11)
is a nonempty closed subset ofWn for all n ∈ ω.
Also, if x ∈ Bn, there exists a unique decreasing sequenceVk,jk ∈Wn,k (k > 2n) such
that x ∈ ⋂k>2n Vk,jk . Since in view of (7),J2n,j2n , . . . , Jk,jk , . . . is a run of BM0(Y )
compatible withσY , there exists a uniquey ∈⋂k>2n Jk,jk for which {Jk,jk : k > 2n} is
a basic system of neighborhoods. Letf be the function that assignsy to x in this manner;
thenf is defined onB =⋃n∈ω Bn.
Claim 1. B ∈CL(X).
Proof. Indeed, it was shown that{Wn: n ∈ ω} is a locally finite collection, consequently,
{Bn: n ∈ ω} is locally finite as well, sinceBn ⊂Wn for all n ∈ ω; thus,B =⋃n∈ω Bn is
closed. 2
Claim 2. f ∈C(B,Y ).
Proof. Let U be nonempty open inY and y = f (x) ∈ U . Let J2n,j2n, . . . , Jk,jk , . . . be
a decreasing sequence of open sets intersecting in{y} that is a neighborhood-base fory.
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Then there is somek0> 2nwith y ∈ Jk0,jk0 ⊂U . Consider the setV = B∩Vk0,jk0 , which is
open inB and containsx. Further, ifx ′ ∈ V then there exists a unique decreasing sequence
{Vk,j ′k : k > 2n} such thatj ′k0 = jk0; so, by Proposition 2.2(i),
f (x ′) ∈
⋂
k>2n
Jk,j ′k ⊂ Jk0,j ′k0 = Jk0,jk0 ⊂U.
It means thatf−1(U) is open inB and hencef ∈ C(B,Y ). 2
Claim 3. (B,f ) ∈⋂n∈ω V n.
Proof. Fix n ∈ ω. SinceBk ⊂Wk , we have thatBk ∩ Ln,0 = ∅ for all k > n; further, if
k < n thenBk ⊂⋃Wk,n ⊂ (Ln,0)c . HenceB ∩Ln,0= ∅.
It is also clear from (10) and (11) thatB ∩ Vn,j 6= ∅ for all j 6 mn. Finally, f (B ∩
Vn,j )⊂ Jn,j (j 6mn) by the definition of . 2
(ii) Let σKO be a winning strategy forα in KO(X). Define a strategyσ for α in BM(P) as
follows: for all k 6 n (n even) defineV k via (5), whereV 0⊃ V 1⊃ · · · ⊃ V n. Forj 6mn
defineVn+1,j andLn+1,0 as in (7) and (8), respectively replacingby n + 1. For each
k ∈ ω, letWk be defined as in (i) (see (6)) and put
Vn+1,mn+1= σKO
(
(L0,0,W0),W1, (L2,0,W2), . . . ,Wn−1, (Ln,0,Wn)
)
and letJn+1,mn+1= Y . Finally, formn+1=mn+1 letV n+1 be given by (5) withk = n+1
and defineσ via (9).
It is not hard to show thatV n+1 ⊂ V n and analogously to (i) we can prove (through
Claims 1–3) thatσ is a winning strategy forα in BM(P). 2
The following corollary extends and complements results of [28,29] concerning
Baireness andα-favorability of the Fell topology:
Corollary 4.3. LetX be an almost locally compact space. Then
(i) (CL(X), τF ) is a Baire space ifβ has no winning strategy in KO(X);
(ii) (CL(X), τF ) is weaklyα-favorable ifα has a winning strategy in KO(X).
Proof. Observe that ifY = {y} is a singleton, then(P, τC) is homeomorphic to
(CL(X), τF ) and hence Theorem 4.2 applies.2
A collectionK of nonempty compact subsets ofX is called a moving off collection if, for
any compact setL⊂X, there exist someK ∈K disjoint toL. Following [15], we say that
X has themoving off property(MOP) provided every moving off collection of nonempty
compact sets contains an infinite subcollection which has a discrete open expansion inX.
Corollary 4.4.
(i) LetX be a locally compact paracompact space. LetY be a regular space having a
completely metrizable residual subspace. Then(P, τC) is weaklyα-favorable.
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(ii) LetX be aT4, locally compact space with the MOP andY = R. Then(P, τC) is a
Baire space.
Proof. (i) Compare Theorem 4.2(ii), Proposition 1.4(i) and Proposition 1.9.
(ii) If X is locally compact then the Fell topology(CL(X), τF ) is also locally compact
[8, Corollary 5.1.4] and hence weaklyα-favorable; further, it has been shown in [15] that
Ck(X) is a Baire space ifX is a locally compact space with the MOP. It is also known (see
[17, Theorem 5.1(ii)]), that the product of a weaklyα-favorable space and a Baire space
is a Baire space; therefore, in view of Proposition 3.1(i) and Theorem 4.1(i),(P, τC) is a
Baire space. 2
Remark 4.5. Observe that Theorem 4.2(i) and Theorem 4.1(i) overlap but do not follow
from each other. Indeed, the space from Example 1.6 is not regular, hence Theorem 4.1(i)
does not apply (ifY contains at least two distinct points). However, by Theorem 4.2(i),
(P, τC) is a Baire space if (say)Y is a regular space having a dense completely metrizable
subspace.
On the other hand, ifX is the space from Example 1.7, thenβ has a winning strategy in
KO0(X) (and hence inKO(X) as well); thus, Theorem 4.2(i) is useless. However,X has
the MOP (see [15, Example 4.1]) and it can be shown under (MA+¬ CH) thatX is T4. It
follows then by Corollary 4.4(ii), that under (MA+¬ CH) and withY = R, (P, τC) is a
Baire space.
Remark 4.6. The spaceX from Example 1.6 also provides an example of aT2 non-locally
compact space such that(CL(X), τF ) is weaklyα-favorable (see Corollary 4.3).
Lastly, we will explore some necessary conditions for Baireness (for being of second
category even) of(P, τC).
Lemma 4.7. LetX be an almost locally compact space andU an open subset with non-
compact closure inX. Let G be the family of nonempty open subsets ofX with compact
closure contained inU andJ be a nonempty open subset ofY . Then the set
H(U,J )=
⋃
O∈G
([O] ∩ [O : J ])
is open and dense in(P, τC).
Proof. H(U,J ) is clearly open. Further, let
H = [K : ∅] ∩
⋂
i6n
([Ui] ∩ [Ui : Ii])
withK,Ui ∈K(X), ∅ 6=Ui ⊂X, Ui open,K,Ui (i 6 n) pairwise disjoint and∅ 6= Ii ⊂ Y
open(i 6 n), be an element of theπ -baseB0 (see (1′) in Proposition 2.1). For everyi 6 n
choosexi ∈ Ui and yi ∈ Ii . The setL = (K ∪⋃i6n Ui) is compact, thus,U \ L 6= ∅.
There is anO ∈ G such thatO is compact,O ⊂ U \ L. Choosex ∈ O andy ∈ J . Put
L’. Holá, L. Zsilinszky / Topology and its Applications 110 (2001) 303–321 319
B = {x, x0, . . . , xn} and definef on B as follows:f (x) = y and f (xi) = yi for each
i 6 n. Then(B,f ) ∈H ∩H(U,J ). 2
Proposition 4.8. Let X be an almost locally compact space andY contain an infinite
locally finite collection of open sets(e.g.,Y be a non-compact paracompact space). Let
U ⊂ X be a nonempty open set with a countably compact closure. ThenU is compact
if (P, τC) is of second category(i.e., countable intersections of dense open subsets are
nonempty).
In particular, an almost locally compact, countably compact spaceX is compact, if
(P, τC) is of second category.
Proof. Suppose thatU is not compact. Let{Jn ⊂ Y : n ∈ ω} be a locally finite collection
of nonempty open sets. Then Lemma 4.7 implies that,Hn = H(U,Jn) is dense and
open in(P, τC) for eachn ∈ ω. Since the generalized compact-open topologyτC is of
second category, we have that
⋂
n∈ω Hn 6= ∅, hence there exists some(C,g) ∈
⋂
n Hn.
Consequently, for everyn ∈ ω there iscn ∈ C ∩U with g(cn) ∈ Jn. Then continuity ofg
implies that{cn: n ∈ ω} has no cluster point, a contradiction with countable compactness
of U . 2
In view of Proposition 1.3(ii) and Proposition 1.1(ii),X is locally compact ifX is an
almost locally compactq-space such thatβ has no winning strategy inKO(X). Further,
by Theorem 4.2(i), ifβ has no winning strategy inKO(X), then(P, τC) with (say)Y =R
is a Baire space. It may be of interest therefore to find out under what conditions does
Baireness of(P, τC) imply local compactness ofX. The following proposition gives an
answer in the framework of Proposition 1.3(ii):
Proposition 4.9. LetX be an almost locally compact q-space andY contain an infinite,
locally finite collection of open sets. If(P, τC) is of second category, thenX is locally
compact.
Proof. Suppose that we can find a pointx ∈X with no compact neighborhoods inX. Let
{Gn: n ∈ ω} be a sequence of open neighborhoods ofx such that wheneverxn ∈Gn, then
{xn: n ∈ ω} has a cluster point. Further, let{Jn ⊂ Y : n ∈ ω} be a locally finite collection
of nonempty pairwise disjoint open sets.
By Lemma 4.7, the setsHn =H(Gn,Jn) are dense and open in(P, τC) for eachn ∈ ω;
thus, there exists some(C,g) ∈⋂n∈ω Hn. If xn ∈ C ∩Gn is such thatg(xn) ∈ Jn for all
n ∈ ω, then the net{xn: n ∈ ω} has a cluster pointc ∈ C, which contradicts continuity
of g. 2
Remark 4.10. Being aq-space is necessary in the preceding proposition. Indeed, the space
X in Example 1.6 is an almost locally compact, non-q-space (hence a non-locally compact
space) such that(P, τC) is a Baire space (see Theorem 4.2).
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5. An application
Let (X,d) be a metric space. ForB ∈ CL(X) andf ∈ C(B,Rn) let Γ (f,B) denote
the graph of the partial function(B,f ) ∈ P ; further, letG = {Γ (f,B): (B,f ) ∈ P}. For
compactK ⊂X andΓ (f,B),Γ (g,C) ∈ G define
ρK
(
Γ (f,B),Γ (g,C)
)
=max{e(Γ (f,B ∩K),Γ (g,C)), e(Γ (g,C ∩K),Γ (f,D))},
wheree is the excess functional onX×Rn induced by the box metric ofd and the Euclid-
ean metric onRn. A net{Γ (fs,Bs) ∈ G: s ∈Σ} is said to beτG-convergent toΓ (f0,B0) ∈
G (see [6,7]), provided for eachK ∈K(X) the numerical net{ρK(Γ (f0,B0),Γ (fs,Bs)):
s ∈ Σ} converges to zero. Clearly, the Hausdorff metric convergence inG implies τG-
convergence and the two coincide ifX is compact.
It was shown in [6], that after identifying partial functions with their respective
graphs,τG-convergence is always topological; in particular, the generalized compact-
open topologyτC topologizesτG if X is locally compact. Therefore, in view of our
Corollary 4.4(i) and Proposition 1.8 we have
Theorem 5.1. Let X be a locally compact metric space. Then(G, τG) is weaklyα-
favorable and hence a Baire space.
Remark 5.2. Note that, ifX is a hemicompact metrizable space, then(G, τG) is a Polish
space (cf. [19, Theorem 2.8]).
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